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Part I

Continuous Longitudinal Data
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Chapter 1
Repeated Measures and Longitudinal Data

Repeated measures are obtained when a response
is measured repeatedly on a set of units

� Units:

. Subjects, patients, participants, . . .

. Animals, plants, . . .

. Clusters: families, towns, branches of a company,. . .

� Special case:Longitudinal data
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1.1 Rat Data

� Research question (Dentistry, K.U.Leuven):

How does craniofacial growth depend on
testosteron production ?

� Randomized experiment in which 50 male Wistar rats are randomized to:

. Control (15 rats)

. Low dose of Decapeptyl (18 rats)

. High dose of Decapeptyl (17 rats)
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� Treatment starts at the age of 45 days; measurements taken every 10 days, from
day 50 on.

� The responses are distances (pixels) between well de�ned points on x-ray pictures
of the skull of each rat:
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� Measurements with respect to the roof, base and height of theskull.

� Here, we consider only one response, re
ecting the height ofthe skull.

� Individual pro�les:
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Chapter 2
A Model for Longitudinal Data

� In practice: often unbalanced data:

. unequal number of measurements per subject

. measurements not taken at �xed time points

� Therefore, multivariate regression techniques are often not applicable

� Often, subject-speci�c longitudinal pro�les can be well approximated by linear
regression functions

� This leads to a 2-stage model formulation:

. Stage 1: Linear regression model for each subject separately

. Stage 2: Explain variability in the subject-speci�c regression coe�cients using
known covariates
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2.1 Example: The Rat Data

� Transformation of the time scale to linearize the pro�les:

Ageij �! t ij = ln[1 + ( Ageij � 45)=10)]

� Note thatt = 0 corresponds to the start of the treatment

� Stage 1 model: Yij = � 1i + � 2i t ij + " ij ; j = 1; : : : ; ni

� In the second stage, the subject-speci�c intercepts and time e�ects are related to
the treatment of the rats

� Stage 2 model:
8
>>>>>><

>>>>>>:

� 1i = � 0 + b1i ;

� 2i = � 1L i + � 2H i + � 3Ci + b2i ;
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� L i , H i , andCi are indicator variables:

L i =

8
>>>>>><

>>>>>>:

1 if low dose

0 otherwise
H i =

8
>>>>>><

>>>>>>:

1 if high dose

0 otherwise
Ci =

8
>>>>>><

>>>>>>:

1 if control

0 otherwise

� Parameter interpretation:

. � 0: average response at the start of the treatment (independent of treatment)

. � 1, � 2, and� 3: average time e�ect for each treatment group
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2.2 The Linear Mixed-E�ects Model

2.2.1 General idea

� A 2-stage approach can be performed explicitly in the analysis

� However, this is just another example of the use of summary statistics:

. Yi is summarized byd� i

. summary statisticsd� i analysed in second stage

� The associated drawbacks can be avoided by combining the twostages into one
model
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2.2.2 Example: The Rat Data

� Stage 1 model: Yij = � 1i + � 2i t ij + " ij ; j = 1; : : : ; ni

� Stage 2 model:

8
>>>>>><

>>>>>>:

� 1i = � 0 + b1i ;

� 2i = � 1L i + � 2H i + � 3Ci + b2i ;

� Combined: Yij = ( � 0 + b1i ) + ( � 1L i + � 2H i + � 3Ci + b2i )t ij + " ij

=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

� 0 + b1i + ( � 1 + b2i )t ij + " ij ; if low dose

� 0 + b1i + ( � 2 + b2i )t ij + " ij ; if high dose

� 0 + b1i + ( � 3 + b2i )t ij + " ij ; if control.
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Chapter 3
The General Linear Mixed Model

Yi = X i � + Z ibi + " i

bi � N (0; D);

" i � N (0; � i );

b1; : : : ; bN ; " 1; : : : ; " N

independent

Terminology:

. Fixed e�ects:�

. Random e�ects:bi

. Variance components:
elements inD and� i
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3.1 Hierarchical Versus Marginal Model

� The general linear mixed model is hierarchical and can be written as:

Yi jbi � N (X i � + Z ibi ; � i )

bi � N (0; D)

� Marginally, we have thatYi is distributed as:

Yi � N (X i � ; Z iDZ 0
i + � i )

� The hierarchical model implies the marginal one, butnot vice versa
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Chapter 4
Estimation and Inference in the Marginal Model

� Two frequently used estimation methods:

. Maximum likelihood

. Restricted maximum likelihood

� Inference for �xed e�ects:

. Wald tests,t- andF -tests

. LR tests (not with REML)
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� Inference for variance parameters:

. Wald tests

. LR tests (even with REML)

. Caution: Boundary problems!

� Inference for the random e�ects:

. Empirical Bayes inference based on posterior densityf (bi jYi = y i )

. `Empirical Bayes (EB) estimate': Posterior mean
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4.1 Fitting Linear Mixed Models in SAS

� A model for the rat data: Yij = ( � 0 + b1i ) + ( � 1L i + � 2H i + � 3Ci + b2i )t ij + " ij

� SAS program: proc mixed data=rat method=reml;
class id group;
model y = t group*t / solution;
random intercept t / type=un subject=id ;
run;

� Fitted averages:
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Part II

Generalized Estimating Equations
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Chapter 5
The Toenail Data

� ToenailDermatophyteOnychomycosis: Common toenail infection, di�cult to
treat, a�ecting more than 2% of population.

� Classical treatments with antifungal compounds need to be administered until the
whole nail has grown out healthy.

� New compounds have been developed which reduce treatment to3 months

� Randomized, double-blind, parallel group, multicenter study for the comparison of
two such new compounds (A andB) for oral treatment.
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� Research question:

Severity relative to treatment of TDO?

� 2 � 189patients randomized, 36 centers

� 48 weeks of total follow up (12 months)

� 12 weeks of treatment (3 months)

� measurements at months 0, 1, 2, 3, 6, 9, 12.
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� Frequencies at each visit (both treatments):
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Chapter 6
Generalized Estimating Equations

� Univariate GLM, score function of the form (scalarYi ):

S(� ) =
NX

i=1

@�i
@�

v� 1
i (yi � � i ) = 0; with vi = Var(Yi ):

� In longitudinal setting:Y = ( Y 1; : : : ; Y N ):

S(� ) =
NX

i=1
D0

i [V i (� )]� 1 (y i � � i ) = 0

. D i is anni � p matrix with(i; j )th elements
@�ij
@�

. V i = Var(Y i ) involves a set of nuisance parameters

. y i and� i areni -vectors with elementsyij and� ij
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6.1 Large Sample Properties: Purely Model Based (Naive)

AsN ! 1 p
N (�̂ � � ) � N (0; I � 1

0 )

where
I 0 =

NX

i=1
D0

i [Vi (� )]� 1D i

� (Unrealistic) Conditions:

. � is known

. the parametric form forV i (� ) is known

� Solution: working correlation matrix
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6.2 Large Sample Properties: Empirically Corrected
(Robust)

� SupposeV i (:) is only a plausible guess: a so-calledworking correlation matrix

� The asymptotic normality results change to

p
N (�̂ � � ) � N (0; I � 1

0 I 1I � 1
0 )

I 0 =
NX

i=1
D0

i [Vi (� )]� 1D i

I 1 =
NX

i=1
D0

i [Vi (� )]� 1Var(Y i )[Vi (� )]� 1D i :
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6.3 The Sandwich Estimator

� This is the so-calledsandwich estimator :

. I 0 is the bread

. I 1 is the �lling (ham or cheese)

� Correct guess=) likelihood variance

� The estimatorŝ� are consistent even if the working correlation matrix is incorrect

� An estimate is found by replacing the unknown variance matrix Var(Y i ) by

(Y i � �̂ i )(Y i � �̂ i )
0:

� A bad choice of working correlation matrixcan a�ect the e�ciency of�̂
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6.4 The Working Correlation Matrix

Vi (� ; � ) = �A 1=2
i (� )Ri (� )A1=2

i (� )

eij = yij � � ijp
v(� ij )

Corr(Yij ; Yik ) Estimate

Independence 0 |

Exchangeable � �̂ = 1
N

P N
i=1

1
ni (ni � 1)

P
j 6= k eij eik

AR(1) � �̂ = 1
N

P N
i=1

1
ni � 1

P
j � ni � 1 eij ei;j +1

Unstructured � jk �̂ jk = 1
N

P N
i=1 eij eik

Dispersion parameter:

�̂ =
1
N

NX

i=1

1
ni

niX

j =1
e2

ij :
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6.5 Fitting GEE

The standard procedure, implemented in the SAS procedure GENMOD.

1. Compute initial estimates for� , using a univariate GLM (i.e., assuming
independence).

2. . Compute Pearson residualseij .

. Compute estimates for� and� .

. ComputeRi (� ) andVi (� ; � ) = �A 1=2
i (� )Ri (� )A1=2

i (� ).

3. Update estimate for� :

� (t+1) = � (t) �
2

6
4

NX

i=1
D0

iV
� 1

i D i

3

7
5

� 1 2

6
4

NX

i=1
D0

iV
� 1

i (y i � � i )
3

7
5 :

4. Iterate 2.{3. until convergence.

Estimates of precision by means ofI � 1
0 andI � 1

0 I 1I � 1
0 .
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6.6 Application to the Toenail Data

6.6.1 The model

� Consider the model:

Yij � Bernoulli(� ij ); log
0

B
B
@

� ij

1 � � ij

1

C
C
A = � 0 + � 1Ti + � 2t ij + � 3Ti t ij

� Yij : severe infection (yes/no) at occasionj for patienti

� t ij : measurement time for occasionj

� Ti : treatment group
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6.6.2 Standard GEE

� SAS Code:

proc genmod data=test descending;
class idnum timeclss;
model onyresp = treatn time treatn*time

/ dist=binomial;
repeated subject=idnum / withinsubject=timeclss

type=exch covb corrw modelse;
run;

� SAS statements:

. The REPEATED statements de�nes the GEE character of the model.

. `type=': working correlation speci�cation (UN, AR(1), EXCH, IND,. . . )

. `modelse': model-based s.e.'s on top of default empirically corrected s.e.'s

. `corrw': printout of working correlation matrix

. `withinsubject=': speci�cation of the ordering within subjects
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� Selected output:

. Regression paramters:

Analysis Of Initial Parameter Estimates

Standard Wald 95% Chi-
Parameter DF Estimate Error Confidence Limits Square

Intercept 1 -0.5571 0.1090 -0.7708 -0.3433 26.10
treatn 1 0.0240 0.1565 -0.2827 0.3307 0.02
time 1 -0.1769 0.0246 -0.2251 -0.1288 51.91
treatn*time 1 -0.0783 0.0394 -0.1556 -0.0010 3.95
Scale 0 1.0000 0.0000 1.0000 1.0000

Analysis Of GEE Parameter Estimates
Empirical Standard Error Estimates

Standard 95% Confidence
Parameter Estimate Error Limits Z Pr > |Z|

Intercept -0.5840 0.1734 -0.9238 -0.2441 -3.37 0.0008
treatn 0.0120 0.2613 -0.5001 0.5241 0.05 0.9633
time -0.1770 0.0311 -0.2380 -0.1161 -5.69 <.0001
treatn*time -0.0886 0.0571 -0.2006 0.0233 -1.55 0.1208
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Analysis Of GEE Parameter Estimates
Model-Based Standard Error Estimates

Standard 95% Confidence
Parameter Estimate Error Limits Z Pr > |Z|

Intercept -0.5840 0.1344 -0.8475 -0.3204 -4.34 <.0001
treatn 0.0120 0.1866 -0.3537 0.3777 0.06 0.9486
time -0.1770 0.0209 -0.2180 -0.1361 -8.47 <.0001
treatn*time -0.0886 0.0362 -0.1596 -0.0177 -2.45 0.0143

. The working correlation:
Exchangeable Working Correlation

Correlation 0.420259237
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Part III

Generalized Linear Mixed Models for Non-Gaussian
Longitudinal Data
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Chapter 7
Generalized Linear Mixed Models (GLMM)

� Given a vectorbi of random e�ects for clusteri , it is assumed that all responses
Yij are independent, with density

f (yij j� ij ; � ) = exp
�

� � 1[yij � ij �  (� ij )] + c(yij ; � )
�

� � ij is now modeled as� ij = x ij
0� + z ij

0bi

� As before, it is assumed thatbi � N (0; D)

� The conditional density ofYij givenbi :

f i(y i jbi ; � ; � ) =
niY

j =1
f ij (yij jbi ; � ; � )
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� The likelihood function equals:

L(� ; D; � ) =
NY

i=1
f i(y i j� ; D; � )

=
NY

i=1

Z niY

j =1
f ij (yij jbi ; � ; � ) f (bi jD) dbi

� Unlike in the normal case, approximations to the integral are required:

. Approximation of integrand:Laplace approximation

. Approximation of data:PQL and MQL

. Approximation of integral:(adaptive) Gaussian quadrature

� Predictions of random e�ects can be based on the posterior distribution

f (bi jYi = y i )
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7.1 (Adaptive) Gaussian Quadrature
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7.2 Example: Toenail Data

� Yij is binary severity indicator for subjecti at visit j .

� Model:

Yij jbi � Bernoulli(� ij ); log
0

B
B
@

� ij

1� � ij

1

C
C
A = � 0 + bi + � 1Ti + � 2t ij + � 3Ti t ij

� Notation:

. T i : treatment indicator for subjecti

. t ij : time point at whichj th measurement is taken fori th subject

� Adaptive as well as non-adaptive Gaussian quadrature, for variousQ.
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� Results: Gaussian quadrature

Q = 3 Q = 5 Q = 10 Q = 20 Q = 50

� 0 -1.52 (0.31) -2.49 (0.39) -0.99 (0.32) -1.54 (0.69) -1.65 (0.43)

� 1 -0.39 (0.38) 0.19 (0.36) 0.47 (0.36) -0.43 (0.80) -0.09 (0.57)

� 2 -0.32 (0.03) -0.38 (0.04) -0.38 (0.05) -0.40 (0.05) -0.40 (0.05)

� 3 -0.09 (0.05) -0.12 (0.07) -0.15 (0.07) -0.14 (0.07) -0.16 (0.07)

� 2.26 (0.12) 3.09 (0.21) 4.53 (0.39) 3.86 (0.33) 4.04 (0.39)

� 2` 1344.1 1259.6 1254.4 1249.6 1247.7

Adaptive Gaussian quadrature

Q = 3 Q = 5 Q = 10 Q = 20 Q = 50

� 0 -2.05 (0.59) -1.47 (0.40) -1.65 (0.45) -1.63 (0.43) -1.63 (0.44)

� 1 -0.16 (0.64) -0.09 (0.54) -0.12 (0.59) -0.11 (0.59) -0.11 (0.59)

� 2 -0.42 (0.05) -0.40 (0.04) -0.41 (0.05) -0.40 (0.05) -0.40 (0.05)

� 3 -0.17 (0.07) -0.16 (0.07) -0.16 (0.07) -0.16 (0.07) -0.16 (0.07)

� 4.51 (0.62) 3.70 (0.34) 4.07 (0.43) 4.01 (0.38) 4.02 (0.38)

� 2` 1259.1 1257.1 1248.2 1247.8 1247.8
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� Conclusions:

. (Log-)likelihoods are not comparable

. Di�erent Q can lead to considerable di�erences in estimates and standard
errors

. For example, using non-adaptive quadrature, withQ = 3, we found no
di�erence in time e�ect between both treatment groups
(t = � 0:09=0:05; p = 0:0833).

. Using adaptive quadrature, withQ = 50, we �nd a signi�cant interaction
between the time e�ect and the treatment (t = � 0:16=0:07; p = 0:0255).

. Assuming thatQ = 50 is su�cient, the `�nal' results are well approximated
with smallerQ under adaptive quadrature, but not under non-adaptive
quadrature.
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� Comparison of �tting algorithms:

. Adaptive Gaussian Quadrature,Q = 50

. MQL and PQL

� Summary of results:

Parameter QUAD PQL MQL

Intercept group A � 1.63 (0.44) � 0.72 (0.24) � 0.56 (0.17)

Intercept group B � 1.75 (0.45) � 0.72 (0.24) � 0.53 (0.17)

Slope group A � 0.40 (0.05) � 0.29 (0.03) � 0.17 (0.02)

Slope group B � 0.57 (0.06) � 0.40 (0.04) � 0.26 (0.03)

Var. random intercepts (� 2) 15.99 (3.02) 4.71 (0.60) 2.49 (0.29)

� Severe di�erences between QUAD (gold standard ?) and MQL/PQL.

� MQL/PQL may yield (very) biased results, especially for binary data.
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7.3 Procedure GLIMMIX for PQL and MQL

� Re-consider logistic model with random intercepts for toenail data

� SAS code (PQL):

proc glimmix data=test method=RSPL ;
class idnum;
model onyresp (event='1') = treatn time treatn*time

/ dist=binary solution;
random intercept / subject=idnum;
run;

� MQL obtained with option `method=RMPL'
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7.4 Procedure NLMIXED for Gaussian Quadrature

� Re-consider logistic model with random intercepts for toenail data

� SAS program (non-adaptive,Q = 3):

proc nlmixed data=test noad qpoints=3;
parms beta0=-1.6 beta1=0 beta2=-0.4 beta3=-0.5 sigma=3.9 ;
teta = beta0 + b + beta1*treatn + beta2*time + beta3*timetr;
expteta = exp(teta);
p = expteta/(1+expteta);
model onyresp ~ binary(p);
random b ~ normal(0,sigma**2) subject=idnum;
run;

� Adaptive Gaussian quadrature obtained by omitting option `noad'

� Good starting values needed!
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Part IV

Marginal Versus Random-e�ects Models
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Chapter 8
Marginal Versus Random-e�ects Models

� Compare GLMM for the toenail data with GEE (unstructured working correlation):

GLMM GEE

Parameter Estimate (s.e.) Estimate (s.e.)

Intercept group A � 1.6308 (0.4356) � 0.7219 (0.1656)

Intercept group B � 1.7454 (0.4478) � 0.6493 (0.1671)

Slope group A � 0.4043 (0.0460) � 0.1409 (0.0277)

Slope group B � 0.5657 (0.0601) � 0.2548 (0.0380)
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� The strong di�erences can be explained as follows:

. Consider the following GLMM:

Yij jbi � Bernoulli(� ij ); log
0

B
B
@

� ij

1 � � ij

1

C
C
A = � 0 + bi + � 1t ij

. The conditional meansE(Yij jbi ), as functions oft ij , are given by

E(Yij jbi )

=
exp(� 0 + bi + � 1t ij )

1 + exp(� 0 + bi + � 1t ij )
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. The marginal average evolution is now obtained from averaging over the
random e�ects:

E(Yij ) = E[E(Yij jbi )] = E
2

6
6
4

exp(� 0 + bi + � 1t ij )
1 + exp(� 0 + bi + � 1t ij )

3

7
7
5

6=
exp(� 0 + � 1t ij )

1 + exp(� 0 + � 1t ij )
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� Hence, the parameter vector� in the GEE model needs to be interpreted
completely di�erent from the parameter vector� in the GLMM:

. GEE: marginal interpretation

. GLMM: conditional interpretation, conditionally upon level of random e�ects

� In general, the model for the marginal average is not of the same parametric form
as the conditional average in the GLMM.

� For logistic mixed models, with normally distributed random random intercepts, it
can be shown that the marginal model can be well approximatedby again a
logistic model, but with parameters approximately satisfying

c�
RE

c�
M =

p
c2� 2 + 1 > 1; � 2 = variance random intercepts

c = 16
p

3=(15� )
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� For the toenail application,� was estimated as 4.0164, such that the ratio equalsp
c2� 2 + 1 = 2:5649.

� The ratio's between the GLMM and GEE estimates are:

GLMM GEE

Parameter Estimate (s.e.) Estimate (s.e.) Ratio

Intercept group A � 1.6308 (0.4356) � 0.7219 (0.1656) 2.2590

Intercept group B � 1.7454 (0.4478) � 0.6493 (0.1671) 2.6881

Slope group A � 0.4043 (0.0460) � 0.1409 (0.0277) 2.8694

Slope group B � 0.5657 (0.0601) � 0.2548 (0.0380) 2.2202

� Note that this problem does not occur in linear mixed models:

. Conditional mean:E(Yi jbi ) = X i � + Z ibi

. Speci�cally:E(Yi jbi = 0) = X i �

. Marginal mean:E(Yi ) = X i �
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8.1 Example: Toenail Data Revisited

� Overview of all analyses on toenail data:

Parameter QUAD PQL MQL GEE

Intercept group A � 1.63 (0.44) � 0.72 (0.24) � 0.56 (0.17) � 0.72 (0.17)

Intercept group B � 1.75 (0.45) � 0.72 (0.24) � 0.53 (0.17) � 0.65 (0.17)

Slope group A � 0.40 (0.05) � 0.29 (0.03) � 0.17 (0.02) � 0.14 (0.03)

Slope group B � 0.57 (0.06) � 0.40 (0.04) � 0.26 (0.03) � 0.25 (0.04)

Var. random intercepts (� 2) 15.99 (3.02) 4.71 (0.60) 2.49 (0.29)

� Conclusion:
jGEEj < jMQLj < jPQLj < jQUADj
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Part V

Incomplete Data
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Chapter 9
Setting The Scene

. Orthodontic growth data

. Notation

. Taxonomies
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9.1 Growth Data

� Taken from Pottho� and Roy, Biometrika (1964)

� Research question:

Is dental growth related to gender ?

� The distance from the center of the pituitary to the maxillary �ssure was recorded
at ages 8, 10, 12, and 14, for 11 girls and 16 boys
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� Individual pro�les:

. Much variability between girls / boys

. Considerable variability within girls / boys

. Fixed number of measurements per subject

. Measurements taken at �xed time points
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9.2 Incomplete Longitudinal Data
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9.3 Scienti�c Question

� In terms of entire longitudinal pro�le

� In terms of last planned measurement

� In terms of last observed measurement
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9.4 Notation

� Subjecti at occasion (time)j = 1; : : : ; ni

� Measurement Yij

� Missingness indicator Rij =

8
>>>>>><

>>>>>>:

1 if Yij is observed,

0 otherwise:

� GroupYij into a vector Y i = ( Yi1; : : : ; Yin i )
0= ( Y o

i ; Y m
i )

8
>>>>>><

>>>>>>:

Y o
i containsYij for whichRij = 1;

Y m
i containsYij for whichRij = 0:

� GroupRij into a vectorR i = ( Ri1; : : : ; Rin i )
0

� D i : time of dropout:D i = 1 + P ni
j =1 Rij
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9.5 Framework

f (Y i ; D i j� ;  )

Selection Models: f (Y i j� ) f (D i jY o
i ; Y m

i ;  )

MCAR �! MAR �! MNAR

CC ? direct likelihood ! joint model !?

LOCF ? expectation-maximization (EM). sensitivity analysis ?!

imputation ? multiple imputation (MI).

... (weighted) GEE !

Pattern-Mixture Models: f (Y i jD i ; � )f (D i j )

Shared-Parameter Models: f (Y i jbi ; � )f (D i jbi ;  )
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Chapter 10
Proper Analysis of Incomplete Data

. Direct likelihood inference

. Multiple Imputation

CLATSE, Montevideo, Uruguay, October 2008 55



10.1 Data and Modeling Strategies
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10.2 Direct Likelihood Maximization

MAR : f (Y o
i j� ) f (D i jY o

i ;  )

Mechanism is MAR

� and distinct

Interest in�

Use observed information matrix

9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;

=) Likelihood inference is valid

Outcome type Modeling strategy Software

Gaussian Linear mixed model SAS procedure MIXED

Non-Gaussian Generalized linear mixed modelSAS procedure NLMIXED
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10.2.1 Original, Complete Orthodontic Growth Data

Mean Covar # par

1 unstructured unstructured 18
2 6= slopes unstructured 14

3 = slopes unstructured 13
7 6= slopes CS 6
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10.2.2 Trimmed Growth Data: Direct Likelihood

Mean Covar # par

7 6= slopes CS 6
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10.2.3 Comparison of Analyses

Principle Method Boys at Age 8 Boys at Age 10
Original Direct likelihood, ML 22.88 (0.56) 23.81 (0.49)

Direct likelihood, REML� MANOVA 22.88 (0.58) 23.81 (0.51)
ANOVA per time point 22.88 (0.61) 23.81 (0.53)

Direct Lik. Direct likelihood, ML 22.88 (0.56) 23.17 (0.68)
Direct likelihood, REML 22.88 (0.58) 23.17 (0.71)
MANOVA 24.00 (0.48) 24.14 (0.66)
ANOVA per time point 22.88 (0.61) 24.14 (0.74)

CC Direct likelihood, ML 24.00 (0.45) 24.14 (0.62)
Direct likelihood, REML� MANOVA 24.00 (0.48) 24.14 (0.66)
ANOVA per time point 24.00 (0.51) 24.14 (0.74)

LOCF Direct likelihood, ML 22.88 (0.56) 22.97 (0.65)
Direct likelihood, REML� MANOVA 22.88 (0.58) 22.97 (0.68)
ANOVA per time point 22.88 (0.61) 22.97 (0.72)
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10.2.4 Behind the Scenes

� R completers$ N � R \incompleters"
0

B
B
B
@

Yi1

Yi2

1

C
C
C
A � N

0

B
B
B
@

0

B
B
B
@

� 1

� 2

1

C
C
C
A ;

0

B
B
B
@

� 11 � 12

� 22

1

C
C
C
A

1

C
C
C
A

� Conditional density
Yi2jyi1 � N (� 0 + � 1yi1; � 22:1)

� 1 freq. & lik. d� 1 =
1
N

NX

i=1
yi1

� 2 frequentist g� 2 =
1
R

RX

i=1
yi2

� 2 likelihood d� 2 =
1
N

8
><

>:

RX

i=1
yi2 +

NX

i= R+1

�

y2 + d� 1(yi1 � y1)
�
9
>=

>;
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10.2.5 Growth Data: Further Comparison of Analyses

Principle Method Boys at Age 8 Boys at Age 10

Original Direct likelihood, ML 22.88 (0.56) 23.81 (0.49)

Direct Lik. Direct likelihood, ML 22.88 (0.56) 23.17 (0.68)

CC Direct likelihood, ML 24.00 (0.45) 24.14 (0.62)

LOCF Direct likelihood, ML 22.88 (0.56) 22.97 (0.65)

Data Mean Covariance Boys at Age 8 Boys at Age 10

Complete Unstructured Unstructured 22.88 23.81

Unstructured CS 22.88 23.81

Unstructured Independence 22.88 23.81

Incomplete Unstructured Unstructured 22.88 23.17

Unstructured CS 22.88 23.52

Unstructured Independence 22.88 24.14
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10.3 Multiple Imputation: General idea

� An alternative to direct likelihood and WGEE

� Three steps:

1. The missing values are �lled inM times=) M complete data sets

2. TheM complete data sets are analyzed by using standard procedures

3. The results from theM analyses are combined into a single inference
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10.3.1 Use of MI in practice

� Many analyses of the same incomplete set of data

� A combination of missing outcomes and missing covariates

� As an alternative to WGEE: MI can be combined with classical GEE

� MI in SAS:

Imputation Task: PROC MI

#

Analysis Task: PROC \MYFAVORITE"

#

Inference Task: PROC MIANALYZE
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Chapter 11
MNAR

� Full selection models: model outcomes and missingness process together

� Such models are highly sensitive to the assumed model formulation

� Sensitivity analysis tools needed
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11.1 Criticism �! Sensitivity Analysis

\. . . , estimating the `unestimable' can be accomplished only by making modelling
assumptions,. . . . The consequences of modelmisspeci�cation will (. . . ) be
more severe in the non-random case." (Laird 1994)

� Several plausible models or ranges of inferences

� Change distributional assumptions (Kenward 1998)

� Local and global in
uence methods

� Semi-parametric framework (Scharfsteinet al 1999)

� Pattern-mixture models
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11.2 Concluding Remarks

MCAR/simple CC biased

LOCF ine�cient

not simpler than MAR methods

MAR direct likelihood easy to conduct

weighted GEE Gaussian & non-Gaussian

MNAR variety of methods strong, untestable assumptions

most useful in sensitivity analysis
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