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Abstract

deals with numerieal problems arising when performing maximum like

rameter estimation. The distribution under study arises when processing and

es that obtained using coherent Hlumination, as is the case of s sonar,

B and synthetic aperture radar data. The noise that appears in

s called speckle, and it can neither be assumed Gaussian

- Lhe properties of speckle noise are well described by the Multiplica
al framework from which stem several important mstﬂhdnorz:. Amongst
ributions, one is regarded as the Univeral Model for speckled data,
the g° Iaw. is paper deals with amplitude data, so the G5 will be used. The

s that uehhmqves for obtaining estimates (maximum likelihood

@ on order statistics) of the parameters of the [ dxstrmutlo

of hundreeds, even thousands, of observations i in order to converge o sengi-

s verified for maximum likelihood estimators, and a proposal based
d optimization is pr oposed to alleviate this situation. i

s proposal is

&
m
(V

ad with su.xmated real and with simulated data. A Monte Carlo experience is

e the quality of maximum likeli ihood estimators with small Sampi
esfully analyzed with this alternated procedure.

image analysis, inference, likelihood, computation, optimization.



h as the Amazon, the poles, etc. Ultrasound-B imagery is employed to diagnose wi

ody, Sonar images are used to map the bottom of the sea, lakes and deep or dark

o

sivers, and laser illumination can be used to trace profiles of microscopic entities.

This kind of images are formed by active sehsors (since they carry their own source of illurni-

d and retrieve signals whose phases are recorded. The imagery is formed detecting

the echo from ¢

¢ target, and in this process a noise is introduced due to interference phenomena.
ppears in these imagery is called speckle, and departs from classical hypothesis:
1ssian in most cases, and it is not added to the true signal. Classical techniques derived
mption additive noise with Gaussian distribution may lead to suboptimal procedures,

re of the processing and analysis of the data.

al models have been proposed in the literature to cope with this departure from classical

is, being the K and g_?, distributions the more succesful ones (see [13] for an introduction

ject of SAR image processing and analysis.) These are parametric models, so inference is

every procedure. In many applications inference based on sample moments is used
le, maximum likelihood estimators are preferred due to their nice asymptotic

properties

ce the family of 84 laws is regarded as an universal model for speckled imagery,

rtrates on maximum likelihood inference of the parameters of this distribution. The literature

severe numerical problems when estimating these parameters. The solution commo:

proposed consists of using big samples, in spite of being small samples desirable for minute feature

agnalysis and for techniques that do not introduce unacceptable blurring.

esents the performance analysis of several classical techniques for maximum like-
estimation in the G model, showing that none of them is reliable for practical

proposal based on alternated optimization of the reduced log-likelihood is then

ed with real and simulated data. The computational platform is Ox, well known

s numerical soundness.

e paper is organized as follows: Section 2 presents the main properties of the G

cbject of interest. Section 3 recalls the main algorithms involved in maximum

the G4 model, with special emphasis on their availability in the Ox platform.
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d that these algorithms fail to produce acceptable estimators, section 4 de

proposal that overcomes this problem, and applications are discussed in section 5.

uture research directions are commented in section 6.

Universal Model

be

and assessed in [11], the family of §° distributions can be succesfully used to des

nated by speckle noise. This family of distributions stems from assuming the following

thesis about the signal formation in every image coordinate:

. 2o+l Y\
fxlz) = AT (:1‘512“7] EXP(‘@)HRT(I),

< U and v > 0 and 15 denotes the indicator function of the set A.

inear detection is used, the random variable Y obeys a square root of gamma dist

hose density is

v exp (—Ly?) I, (9),

2 1is the (equivalent) number of looks, a parameter that can be controlled in

T these assumptions, the density of Z is given by

N 2 I‘F(L —a) Z¥#-1 I
) = eI G 7 T )

(1)
(1

where —c,«y > 0 are the (unknown) parameters and L > 1 is the number of looks. The main

distribution, denoted §4{a,7, L), are presented in [7, 10, 11]. In particuler,




moments of orr‘er 7 will be useful in this work. They are given by

E(Z") - (q’)"/f% P(—a—r/2T(L+1/2) @

L T(—a)T(L)

and are not finite otherwise. The mean and variance of a G4 (e, 7, n) distributed

random le can be computed uging equation (2), ylelding
AT+ (~a -1 .
bz = v :——“‘———'—2§ T ) ) )
; 7 [PTH) (e = DI (-a~ 1) - T%n + P (-a - })] ™
0y = =, 14
N 7l (n)T 2( a)

provided o < —/2 and & < —1, respectively. As previously said, in many applications esti

for (e,7) are derived using the analogy method [9] and moment equations. When the first and

17

ond moments are used, besides the severe numerical instabilities that often appear, only samples
th @ < —1 can be analyzed.

ce of this distribution on the parameter & < 0 can be seen in Figure 1. It is
P g

ble that the bigger & the less symmetric and the heavier-tailed the density is.
[Figure 1 about here.]
f Z4 follows a G% (v, 7y, n) distribution, then its cummulative distribution function is given by

2n

Fy,(z) = mﬂ(n,n ~ 41 =nzt/y),

~a,v,2z>0andn > 1, where

ir (a + E)D(b+ k)t*

Ha,byct) = NEEwaT

s the hypergeometric function (see [1]).

Eaquat

n (5) can also be written as

Fz,(2) = Ton2a ( —:Zz) ,

z >0, n > 1, where T3, _o, is the cummulative distribution function of the

with 27 and —2¢ degrees of freedom. This form is useful for the following

oo
K2



T, function, available in most statiscal software platforms, and relation (6).

} law can be obtained using this inverse function [5, 15] and returning outcomes of

variable Z = (=713, _5.(U)/)"/?, with U uniformly distributed on (0,1). *

of & (say & < —10) describe smooth regions as, for instance, crops and burnt fields. V o is

close to zero (say & > —5) the observed target is extremely rough, as is the case of urban spots

mediate situations (—10 < a < —5) are usually related to rough areas as, for intance, fore

The equivalent number of looks  is known beforehand or is estimated for the whole image using

extended targe ., very large samples. Note that estimating (a,v) amounts to making inference

about the unobserveble ground truth X.
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the former behaves logarithmically, while the latter decays quadratically. This behavior

e ability of the G distribution to model data with extreme variability-but, at the same

, the slow decay is prone to producing problems when performing parameter estimation.

[Figure 2 about here.)

that employ coherent illumination are used to survey inaccessible and/or unob-

rions (the surface of Venus, the interior of the human body, the bottom of the se

areas

«d cover, ete.), it is of paramount importance to be able to make reliable inference about
get under analysis.

inference can be performed through the estimation of the parameter (e,7) € © =

) from samples z = (z,...,2,) taken from homogenous areas in order to grant that

in

; the more accurate the estimation but, also, the bigger the chance of including spurious

83



servations. Also, if the goal is to perform some kind of image processing or enhancerment [3, 8],

ference techniques include methods based on the analogy principle [9] (moment and

der

order statistics estimators being the most popular members of this class) and maximum likeli-
hood [2] imators are favored in applications, since they are easy to derive and are,

usuelly, computational attractive. An estimator based on the median and on the first moment

Iy used in 3] as the starting point for computing maximum likelihood (ML therein)

en the sample 2, and assuming that these observations are outcomes of independent and
uted random variables with common distribution DY), withf € ® CRP, p> 1,
mator of § is given by

§=ar < L(6; (7)
0= argmax L(6; 2), ()

e

irect maximization of equation (7) is possible (either analytically or using numerical

ny times desirable, quite often one finds ML estimates by solving the system of

1ear) p equations given by

ve(h) = o. (8)

ern is referred to as likelihood equations. The choice between solving either equation (7)

1

or equation (&) heavily

explicit solution.

In our case the likelihood function is L{{e,7);2) = [0, fz(z), with fz given in eq. (1)
, the reduced log-likelihood can be written as

N L~a L~cr“‘) N

c((a;ﬁg);z):lnm —TZ n(y + Lz). (G

i=1
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em given by eq. (8) is, in our case,

{( n[¥(-8) - (L -8)] + T, (T = o, o
N

—2 - (L-a) X7 1n§+—11_73 =0,

==

= dInT(7)/dr is the digamma function. No explicit solution for this systern is available
in general and, therefore, numerical routines have to be used.

sa

ows 2 typical situation. A sample from the G4 (—8,7*,3) of size n = 9 was generated,

likelihood function of this sample is shown. The parameter 4* is chosen such tha

pected value is one. It is noticeable that finding the maximum of this function (provided it

t an easy task due to the almost flat area it presents around the candidates. The
4).

or this sample were (&,7) = (—1.84,

[Figure 3 about here)]

oriented language with excellent numerical capabilities. This platform is available

ational systems at [6].

es of routines were tested: those devoted to direct maximization (or minimiza-

), referred to as optimization procedures, and those that look for the solution of systems of

equations. In the first category the Simplex Downhill, the Newton-Raphson and the Broyden,

ving
es provided with the Ox platform: a variety of tuning parameters, starting points, steps

gence criteria were tested. The results confirmed what is commented in the literature,

o
o



extensive analysis was performed in a variety of situations, namely using samples of size
Y E s -
9,81,121}, roughness.parameters @ € {—1,~3,~5,—15} and number of looks L

arameter v was chosen to yield unitary mean, so it was set to

. rO(-e) Y’
7= (rrren e )

m

dows of sides 3, 5, 7, 9 and 11 are commonly used.

ighness parameter describes regions with a wide range of smoothness, as discussed in

e number of looks also reflects situations of practical interest, ranging from raw

L = 1) to smoothed out data L = 8. It is convenient to note here that the bigger the

of looks the smoother the image, at the expense of loss of spatial resolution.

One thousand replications were performed for each of these eighty situations, generating sam-

¢ specified parameters and, then, applying the four algorithms. Success (

each of the eighty aforementioned situations. The bigger the sample size

> better the performance, and the smoother the target the worse the convergence rate. In the

no sensible estimate

&

worst case almost sixty percent of the samples were left unanalyzed, i.e:,

Similar (mostly worse) behaviour is observed in the other algorithms, and it is

y that all of them were fine-tuned for the problem at hand.

overall behaviour of these algorithms falls into one of three situations, namely

hem converge to the same (sensible) estimate.
2. All of them converge, but not to the same value.
3. At least one algorithm fails to converge.

¢ to illustrate these behaviors, two samples from the G4 were chosen, one leading to

bove (denoted 2;), and other to situation 2 (denoted zs). For each sample the likelihood
mputed and, in order to visnalize and analize the behavior of the algorithms, level

od and of the maximum likelihood equations were studied.
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1 is illustrated in Figure 4, where it is noticeable that the point of convergence of

elgorithm (denote as, “*”) is in the interior of the highest level curve. This p

coincides with the intersection of the curves corresponding to 8¢/8c = 9€/dv = 0 and, regardl

[Figure 4 about here.]

nilarly, situation 2 is illustrated in Figure 5. In this case the point to which the Broyden algo-

converges is outside the highest level curve and, thus, does not correspond to the meaxirmum

likelihood function.
[Figure 5 about here.]

The Broyden algorithm seemed to have the best performance, since it reported convergence in

situations. But when at least two of the other algorithms converged, most of the time they

ame point whereas Broyden stopped very far from it. When checking the value of

the solutions, the one computed by Broyden was orders of times smaller than

found by meximization techniques. For this reason, though Broyden allegedly outperformed

ication.

ation procedures in terms of convergence, it was considered unreliable for this a

[Table 1 about here.]

viour motivated the proposal of an algorithm able to converge to sensible estimates

is done in the next section.

4 Proposal: alternated optimization

Since simultaneous optimization is not reliable enough, an analysis of the marginal functions to

the reduced log-likelihood showed flat regions, where simultaneous optimization

or stuck, these surfaces could be sliced in order to yield better-behaved functions.

vated the proposal of an alternated algorithm that consists of writing two equations out

oune depending on @, given 7 fixed, and the other depending on 7, given a fixed a.

Provided & starting point for 7, say 5(0), one maximizes the first equation on « to find &(0).



can now use this crude estimate of «, solve again the first equation on « and continue until

{ convergence is achieved. Formally, the equations to be maximized are

(L —a) ] ° (v (i 2 PN
"EOTa) * 7 20+ 1) o

m 4.1 Alternated optimization for parameter estimation.

he smallest acceptable variation to proceed (typically e = 10~*) and the mazimum number
iterations (typically M = 10°).

2. Compute an initial estimate of v, for ezample

) ™Iy \? )
F(0) = L { M= (13)
30 = £ (i )
1 2 18 the first sample moment.
3. Sei the values needed to execute step (4c) for the first time ¢ = 10° and &(0) = —10°, and
start the counter j =1
4. j <M do
(a) Find &(j) = argmaxaeer_ &1(c;v(j — 1),2) given in eq. (11)
(6) Find 3(j) = argmaxyer, &(v;a(j),z) given in eg. (12).
{¢) Compute s = %ﬁl + ‘J—(%);r—f)m—] the absolute value of the relative inter-iteration

variation.

(d) Update the counter j =+ 1.

a
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sen to work with the BFGS algorithm in steps (4a) and (4b) since, for the considere

late equations, it outperformed the other methods in terms of speed and convergence. The

is generally regarded as the best performing method [12] for multivariate non-linear opti-

our case the explicit analytical derivatives of the objective function were prov

formation whenever available.

ated algorithm can be easily generalized to obtain parameters with as many co

d, and its implementation in any computational platform is immediate, provid

variate optimization routines.

Using this algorithm in the same 80,000 samples analized in Table 1, in only six of them th

was no convergence; in these cases the problem was with step (4b), i.e., when trying to find an

estimate for the scale parameter. This represents a notorious improvement with respect to classical

hm 4.1 it was possible to conduct a Monte Carlo experience in order to evaluate the

nean square error of the MLE for a variety of situations that had to be left unexplored

classical procedures. These results on the bias of & are shown in Figure 6. These

be huge, confirming previous results. Efforts to reduce this undesirable behavior of ML

e reported in (4],

[Figure 6 about here.]

vo applications were devised to show the applicability of the alternated algorith

lated data and the other with a real SAR image. The former consists of generating samp
, L} law, for fixed L.

undreed and fifty samples of size n = 121 were generated, being fifty from the G5(~5,",

the ¢5(=1,7*, L), fifty from the G4(~15,7", L) and the remaining 100 samples fr

", L) where oy = 0.147 — 15 and 1 < j < 100 is the integer index.

these samples two algorithms were employed to obtain the MLE, namely the BFGS
and alternated algorithms. The procedure was repeated for each sample, but using 81, 49, 25 and

9 observations out of the complete data set.

tuation the alternated algorithm achieved convergence, and the same does not hold

89



[Table 2 about here.]

or 7 = 25, the trus value of —a (in semilogarithmic scale) along with th

2 “x” for the alternated algorithm and “o” for the one obtained with the BFGS procedure.

g circles correspond to those situations where BFGS failed to converge (roughly 20%

bles). It can be checked that when they both converge, they converge to simi

lar values,

many situations”for which BFGS was unable to return an estimate. Similar

ited for other sample sizes, the smaller the sample the less reliable BFGS.

[Figure 7 about here.]

€
3

plicity. The analysis of these on-flight samples was performed with both
' and the alternated algorithms. The latter always returned estimates while the number of
sarnples for which the former failed to converge is reported in Table 8. Even with windows of size

11 almost & third of the coordinates would be left unanalized by the classical algorithm.

[Table 3 about here.]

igures 9, 10, 11 and 12 show the values of @ in two-hundreed and fifty sites using n = 121

vations, corresponding to groups 1, 2, 3 and 4, respectively. It can be seen that the

e window the smoother the analysis, leading to the conclusion that mmost sites correspond
to heterogeneous or extremely heterogeneous spots (since & > —7). When the window is smaller,

= heterogeneous areas appear (@ < —10). The sensed area is suburban, and typical spots

90



[Figure 9 about here.]
[Figure 10 about here.]

[Figure 11 about here.]

[Figure 12 about here.]

is of the performance of MLE estimators for the G9 distribution in the presence of

was conducted with the aliernated algorithm. This study would not be possible

ventional techniques, since they faill to converge and/or to provide sensible estimate:

9]
as 60% of the situations.
technique was employed to analyze simulated and real data. In the latter sound

ation about minute features in the ground was retrieved in a SAR image.

his alt

nated technique is being emploved to compute ML estimates of the parameters of

istributions for SAR data. These distributions are indexed by m

computation is prone to severe numerical instabilities.
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igure &

E-SAR synthetic aperture image with L = 1.
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Ll a n
) 9 [ 25 [49 ] 81 [121
—15 [ 50.9 [ 48.236.2 [ 27.8 | 25.2
—5 152.6|30.1|145| 86| 3.9
-3 423191 61| 15| 04
-1]176{ 1.0| 01| 0.0] 00
-15[51.0] 354 | 258 [ 18.2 | 114
2 -5 377135 54 17| 0.2
-3 |250| 54| 04| 0.0} 00
-1 | 46} 00| 00} 00| 00
—15|46.5(28.7 166 99 7.1
30 =5 |281| 790 14 01| 00
-3 [17.4] 23] 00/ 00| 00
-1 ] 21| 00] 00| 00} 00
-15[31.2] 91| 23] 0.8 02
8| -5 82| 03| 00 00| 00
-3 29| 0.0, 00| 00| 00
-1 ] 01] 00] 00] 00] 00

: Percentage of situations for which BFGS fails to converge in 1,000 replications.
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[nl121[81] 49] 25] 9]
(%[ 16[48[108] 192412

Teble 2: Situations where BFGS failed to converge.
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Gl G2 |G3 | G4
1120.8|21.2(39.2|320
1122.41288]428|364
49 132.4 | 34.8 | 53.6 | 480
25| 42.0 ) 46.4 | 55.6 | 54.0
0524|654 1692|656

3. P

ercentage of samples for which BFGS failed to converge in the four groups of real data
ples of size n.
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